We identify the r-matrix governing the Poisson brackets of the matrix elements of the Lax operator of the bi-YB-WZ model.
Restricting our attention to the simple group targets and taking into account dynamical equivalences of the models induced by the Poisson-Lie T-duality, it appears that the double Yang-Baxter deformation with WZ term [8, 29] is the only known Lax integrable σ-model for which the strong integrability was not yet established. The principal result of the present article consists in filling this gap and proving the strong integrability of this particular σ-model.
Recall that the double Yang-Baxter deformation with WZ term, or, shortly, the bi-YB-WZ model, is a 3-parametric submodel of the 3 + r 2 parametric DHKM σ-model constructed in Ref. [8] . The DHKM model lives on the simple compact (connected and simply connected) group K and the integer r is the dimension of the Cartan torus of K. In a particular case of the SU (2) target, the DHKM deformation is therefore four-parametric and turns out to coincide with the so called Lukyanov model [40] . It was later shown in Ref. [29] that the choice of the values of the r 2 parameters has no impact on the first order dynamics of the DHKM model, because changing the values of them can be undone by a suitable canonical transformation 2 . Said in other words, the models with different sets of the r 2 parameters are T-dual to each other, the duality in question being the dressing coset generalization of the Poisson-Lie Tduality [32] . Thus, from the point of view of the first order Hamiltonian dynamics, the bi-YB-WZ model characterized by the vanishing of all r 2 parameters is dynamically equivalent to the general DHKM model, whatever be the choice of the values of the r 2 parameters of the latter.
The second order Lagrangian of the general DHKM σ-model is quite a complicated object but, as it was shown in Ref. [29] , it can be rewritten in the following succinct manner in the bi-YB-WZ case corresponding to the vanishing of the r 2 parameters: We postpone detailed explanations of the notations used in Eq. (1.1) to Section 2, for the moment we just stress that it is this succinct manner which opens the way for solving the problem of strong integrability, which was left open in Refs. [8, 29] .
It is remarkable, that we are able to prove the strong integrability of the bi-YB-WZ model by a shortcut method, avoiding the formalism of auxiliary fields which were originally used in Refs. [8, 29] to define the model. In particular, we succeed to express the first order dynamics of the bi-YB-WZ model not in terms of the dressing coset as in Ref. [29] but in terms of a much simpler non-degenerate E-model. Such simplification makes possible to prove the strong integrability quite effortlessly.
The plan of the paper is as follows. In Section 2, we provide an overview of the Yang-Baxter deformations constructed in Refs. [8, 13, [24] [25] [26] . In Section 3, we give the formula for the Lax connection in terms of the second order target space field m (this is also a new result of the present work). We review shortly the theory of E-models in Section 4 and we interpret the first order dynamics of the bi-YB-WZ model in terms of a particular non-degenerate E-model in Section 5. In Section 6, we explain what the strong integrability means in general and in Section 7 we prove the strong integrability of the bi-YB-WZ model by writing down explicitely the r-matrix governing the Poisson brackets of the matrix elements of the bi-YB-WZ Lax operator. In Section 8, we show that our general formula for the bi-YB-WZ r-matrix does yield the r-matrices already known in literature for some specific choices of the deformation parameters. Section 9 contains concluding remarks and an outlook.
2

Yang-Baxter deformations
As we have already said in Introduction, the bi-Yang-Baxter deformation of the WZNW model was constructed in Ref. [8] and the succinct form of its action was obtained 3 in Ref. [29] :
Here α ∈] − 1, 1[ and ρ l , ρ r ∈] − π, π[ are deformation parameters and the real positive level κ is quantized as usual so that the WZ term exhibits the 2π ambiguity. Note that the case α = 0 corresponds to the standard WZNW model.
The further notations are as follows: m(τ, σ) is a K-valued field on the cylindrical worldsheet parametrized by a time τ and by an angular space variable σ, the chiral derivatives are defined as ∂ ± := ∂ τ ± ∂ σ , stands for the integration over σ and the symbol tr denotes the usual (negative definite) Killing-Cartan form. The standard Yang-Baxter operator R : K → K is defined by
Here T µ is a basis of the Cartan subalgebra of the Lie algebra K of K and B α , C α are given in terms of the step generators of K C as
Finally, the operator R m : K → K is defined as
All other Yang-Baxter deformations previously constructed in the literature are appropriate special limits of the bi-YB-WZ one (2.2). In particular, this is the case for the integrable Yang-Baxter deformation of the WZNW model introduced in Ref. [13] . Several equivalent expressions were obtained for the action of this YB-WZ deformation in Refs. [28] , [7] and [29] . We reproduce here the parametrization given in [29] :
(2.6) Note that this is the special case of the action (2.2) obtained by setting ρ r = 0. Furthermore, setting
and taking limit κ → 0, we recover from the action (2.2) the bi-Yang-Baxter integrable deformation of the principal chiral model introduced in [24, 26] :
Taking moreover b r = 0, we recover the Yang-Baxter σ-model [24, 25] , which was historically the first constructed integrable Yang-Baxter deformation: 
13)
Note that for deriving the equations of motion we have also used the Polyakov-Wiegmann formula [42] 
where the Wess-Zumino term I WZ (m) is conveniently written in terms of the "inverse" d −1 of the de Rham operator as follows
Here the meromorphic functions f ± (ξ) are defined as
and they satisfy the identity
Theorem (Lax connection): If the field m(τ, σ) solves the equations of motion (3.12) then the Lax connection (3.16) is flat, that is, it holds for every ξ ∈ C, ξ = ±1
Proof. With the help of the identities (3.11) and (3.18), we find easily
Note that the equations of motion (3.12) can be written as
We have the following obvious identity (valid even off-shell)
that can be rewritten by using Eqs.(3.13) as
We find
Using Eqs. (3.25) and (3.11), we can rewrite the identity (3.23) as follows
Because we supposed that the field m fulfils the equations of motion αV − = α −1 V + , we infer from the identity (3.26) that it holds
Inserting this information into Eq.(3.20), we conclude that the Lax connection is flat on-shell for every ξ = ±1, that is, it holds
In this way, we have proved the Lax integrability of the bi-YB-WZ model. To prove the strong (or Hamiltonian) integrability we have first to expose in the next section some useful material about the E-models.
Overview of E-models
The non-degenerate E-models were introduced in [31] as first order dynamical systems which encapsulate the Hamiltonian dynamics of certain T-dualizable non-linear σ-models. The E-model is associated to the following data: 1) A Drinfeld double D, which is an even-dimensional Lie group equipped with a bi-invariant Lorentzian metric of the split signature (d, d). This metric naturally induces a non-degenerate symmetric ad-invariant bilinear form (., .) D on the Lie algebra D of D.
2) An eponymous linear operator E acting on the Lie algebra D of the double D which has three important properties : i) it squares to the identity operator on D, i.e. E 2 = Id; ii) it is self-adjoint with respect to the bilinear form (., .) D , i.e. (Ex, y) D = (x, Ey) D , x, y ∈ D; iii) a symmetric bilinear form on D defined as (., E.) D is strictly positive definite.
Actually, the datum 2) can be reformulated equivalently as 2') A half-dimensional subspace E + ⊂ D such that the restriction of the bilinear form (., .) D on E + is strictly positive definite.
Remark 1: The subspace E+ ⊂ D appearing in the datum 2') is the (+1)-eigenvalue eigenspace of the operator E appearing in 2). It then turns out that E− ≡ E ⊥ + is the (−1)-eigenvalue eigenspace of E , the restriction of (., .)D on E− is strictly negative definite and D can be written as the direct product D = E+ ⊕ E−.
The phase space of the E-model is the loop group LD of the Drinfeld double. The symplectic form ω LD and the Hamiltonian H E are given by the expressions
and the corresponding first-order action of the E-model reads [31] S
(4.31) The equations of motions derived from the action (4.31) can be written either as
The Poisson brackets of the components of the D-valued current j(σ) can be derived from the symplectic form ω LD and they read
Let B ⊂ D be a half-dimensional isotropic subgroup of the Drinfeld double; the isotropy means that the restriction of the form (., .) D on the Lie subalgebra B ⊂ D vanishes identically. As it was shown in [27, 33] , the E-model action and subsequently by solving the B-valued field b out. The result is given by the formula The equations of motion corresponding to the action (4.37) have the form of the zero curvature condition in the Lie algebra B
where the B-valued currents K ± are given by
For deriving the equations of motions, the following identity is particularly useful
where the symbol † denotes taking the adjoint operator with respect to the bilinear form (., .) D .
Note also, that if l = mb is a solution of the first order equations of motion (4.32) and m the corresponding solution of Eqs. h(4.38), (4.39) then it holds
This relation will be needed in Section 7.
Bi-YB-WZ model as E-model
The bi-YB-WZ model (2.2) was constructed in Ref. [29] as a particular degenerate E-model (i.e. the dressing coset) based on the Drinfeld double D = K C × K C . In the present section, we show that the same bi-YB-WZ model can be constructed in a much simpler way as the standard non-degenerate E-model based on a smaller Drinfeld double D = K C . Let us describe this new simpler construction in detail.
To recover the bi-YB-WZ σ-model (2.2) as the special case of the formula (4.37), we have to consider the following particular E-model data:
1) The Drinfeld double D is the complexified group K C and the bilinear form (., .) D is given by the formula
Here the symbol ℑ means the imaginary part of a complex number and κ, ρ l are the parameters appearing in the action (2.2).
2')
The subspaces E ± are given by
Here R is the Yang-Baxter operator and the real parameters α and ρ r are again those appearing in the action (1.1).
The half-dimensional isotropic subgroup B is obtained by exponentiation of the Lie subalgebra B ⊂ K C defined as
The fact that the subspace defined by (5.44) is the Lie subalgebra of K C is the consequence of the properties of the Yang-Baxter operator, namely of the identity (3.11) rewritten as The space D/B turns out to be just the group K, therefore the field m appearing in the second order action (4.37) is simply K-valued. We then find
and, taking into account also the property (3.10), we find tb hat the action (4.37) becomes
(5.50) We observe that the action (5.50) coincides with the bi-YB-WZ action (2.2).
Strong integrability -general story
Before settling the problem of the strong integrability of the bi-YB-WZ model, we recall what the strong integrability means in general. If the Lax condition (6.51) holds, it is evident that spectral invariants of the Lax operator L (typically traces of the powers of L) are conserved quantities.
If the system has many degrees of freedom, the auxiliary space V must have big dimension in order that the complete set of equations of motion be expressed as in (6.51). However, it exists a variant of the weak Lax integrability in which the operators L, M depend not only on the phase space variables but they are also meromorphic functions of some auxiliary complex variable ξ called spectral parameter. In this case the Lax condition with spectral parameter reads
It is understood that the complete set of the first order equations of motion is obtained making to hold the relation (6.52) for every non-singular value of the spectral parameter ξ. This in many cases permits to consider the auxiliary vector spaces V of small dimensions.
We know already that the spectral invariants of the Lax operator are conserved quantities but this fact does not mean automatically that Poisson bracket of every two spectral invariants vanishes. However, if this happens, the Lax integrability of the system is referred to as being strong.
It is well-known (see e.g. [36, 37] ), that a sufficient condition for the strong Lax integrability is the existence of the so called r-matrix which is an operator acting on the tensor product V × V . Furthermore, the r-matrix is meromorphic in two complex variables ξ, ζ and it may (though it need not) depend on the phase space variables 4 . This r-matrix must fulfil the following crucial relation
where {., .} stands for the Poisson bracket and r p is the permuted r-matrix. More precisely, if r can be written as
for some family of linear operators A α , B α acting on V , then the notation r p means
Strong integrability -the bi-YB-WZ case
The fact that the bi-YB-WZ σ-model (2.2) has the first order Hamiltonian formulation in terms of the E-model is particularly useful for establishing its strong integrability. To show this, we start by recalling the explicit formula for the Lax connection obtained in Section 3 and we already know that in the bi-YB-WZ case it encodes the complete set of equations of motion of the model.
In order to establish the strong integrability of the bi-YB-WZ model, we must calculate the matrix Poisson bracket of the Lax operator L(ξ) with itself as in the left-hand-side of Eq.(6.53). This in turn boils down to the calculation of the Poisson brackets of the K-valued currents Y ± . The utility of the E-model approach constitutes in the fact, that this Poisson Y -current algebra can be easily found from the general E-model formula (4.35) because it holds
To show the validity of the formula (7.63), we use the formulas (4.32), (4.36), (4.41) and (5.49 )
(7.64) We then find easily
Note that we have thus shown
It is convenient to rewrite the Lax operator L(ξ) as
The reason for that is the fact that the Poisson brackets involving the current components Y and Y 1 have particularly simple form. Indeed, from Eqs. 
It is now straightforward to calculate the Poisson bracket of the matrix elements of the Lax operator Now we look for the r-matrix r(ξ, ζ) : LK ⊗ LK → LK ⊗ LK to be inserted into the right-hand-side of the strong integrability condition (6.53) to match the formula (7.74). We choose the following ansatz for the matrix elements of the r-matrix r(ξ, ζ) (tr ⊗tr ) (x⊗y)r(ξ, ζ) χ 1 (σ 1 )⊗χ 2 (σ 2 ) = tr [x, χ 1 (σ 1 )]r(ξ, ζ)[y, χ 2 (σ 2 )] δ(σ 1 −σ 2 ), x, y ∈ K, χ 1,2 ∈ LK, (7.75) wherer(ξ, ζ) : K → K is a doubly-meromorphic operator to be determined.
Using, the ansatz (7.75), we can express the right-hand-side of the condition (6.53) as
(7.76) To determine the operatorr(ξ, ζ) : K → K, it is sufficient to insert the formula (7.67) into Eq. (7.76) and to compare the result with the formula (7.74). This procedure works well and the result iŝ 
and it is easy to check that the doubly-meromorphic function v(ξ, ζ) defined by Eq. (7.79) verifies all of them.
The strong integrability of the bi-YB-WZ model is thus established.
Special limits
The bi-YB-WZ operatorr(ξ, ζ) given by Eq. (7.77) contains as special limits the bi-YB, the YB-WZ and the YB r-matrices obtained previously in the literature. Let us give more details how this comes about.
We know already that by setting ρ r = 2κb r , ρ l = 2κb l , α = e −2κa , (8.84) and subsequently taking limit κ → 0, we recover from the bi-YB-WZ model (2.2) the bi-Yang-Baxter integrable deformation of the principal chiral model :
The κ → 0 limit of the bi-YB-WZ Lax connection (7.56) gives the bi-YB Lax connection found in Ref. [26] L ± (ξ) := b r R ∓f ± (ξ) Ŷ ± , (8.86)
The meromorphic functionsf ± (ξ) satisfy the following identitŷ
We find from Eq. (7.77) that the κ → 0 limit of the bi-YB-WZ operatorr(ξ, ζ) : K → K readŝ
which indeed coincides with the result of Ref. [12] .
It remains to consider the action of the YB-WZ model (2.6) which is obtained from that of the bi-YB-WZ model by setting ρ r = 0. In what follows, when writing the quantities f ± (ξ), we have in mind this special case. To make comparison with Ref. [13] , where the strong integrability of the YB-WZ model was first established, we note that our parameters κ, ρ l , α are related to the parameters k, K, A, η of [13] as
and the spectral parameters are related as
Rewriting our formula (7.77) in terms of the notation of Ref. [13] giveŝ
This coincides with the result of Ref. [13] .
Conclusions and outlook
In this paper, we have proved the strong integrability of the bi-YB-WZ σ-model. The crucial technical tool for achieving this goal consisted in expressing the first order Hamiltonian dynamics of the σ-model in terms of a suitable non-degenerate E-model.
